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Lecture 12A. 3D shell finite element

Finite element method
(FEM1)
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Shells and plates

Thin-shells and plates models can be applied to analyze the 

following constructions:

aircraft fuselage, the wing cover,

boat hull, 

roof (floor) of building. 

Thin shell of revolution

Rectangular plate
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Examples of plates and shells 

construction of a building (plate model) 

aircraft skins  (shell model)

a motor yacht:
the hull (shell), the deck (plate) 



4

Linear theory of thin shells

Types of shells:
- elliptical,
- cylindrical,
- spherical,
- toroidal,
- hyperbolic.

Curvatures:
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Internal force at level z in a small area dAz

Internal force at level z in a 
small area dAz per unit length

Internal force on a 
cross-sectional area Az 
per unit length:

Assuming:
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Internal forces:

n- normal force per unit length

m- bending moment per unit length

t- shear force per unit length
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Internal forces:
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Stress components

Naprężenia
normalne
Total 
stress

Membrane 
stress

Bending 
stress



9

Membrane strain:

1) Deformation of a middle layer in xy plane
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Membrane strain :

2) Deformation of a middle layer along z axis

Curvatures 
resulting from
geometry
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MEMBRANE STRAIN:

Curvatures 
resulting from 
geometry
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Bending strain:

3) Deformation of the layer at level z

Length of the layer at level z 
before deformation:

Length of the middle layer 
(after and before deformation)

Radius of
curvature 
resulting 
from 
geometry

Radius of curvature 
resulting from 
bending
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;

Bending strain
(deformation of the layer at level z)

curvature resulting 
from bending
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Total strain component vector (Membrane + bending)

stress component vector

Assuming plain stress:

We have:

curvature resulting 
from bending
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Internal forces:
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STRESS COMPONENTS AS FUNCTIONS OF INTERNAL FORCES

normal stresses : shear stresses:
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MAXIMUM VALUES OF STRESS COMPONENTS
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An isoparametric shell finite element

Parent element
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Local vector of nodal parameters 
(three parts)

degrees of freedom related to 
deformations in the element plane

degrees of freedom related to out-of-plane deformations of the element
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Local vector of load components
(three parts)

Load components related 
to deformations in the 
element plane

Load components related to 
out-of-plane deformations 
of the element
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(p𝐨𝐥𝐲𝐧𝐨𝐦𝐢𝐚𝐥𝐬 𝐨𝐟 𝜉 𝑎𝑛𝑑 𝜂)

Displacements in 
the element plane

Displacements out of 
the element plane

(Hermite polynomials)

Nodal approximation and shape functions



22

Nodal approximation and shape functions

Displacements in 
the element plane

Displacements out of 
the element plane
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Membrane strain
Vector of degrees of freedom related to 
deformations in the element plane

Vector of degrees of 
freedom associated with 
out-of-plane deformations 
of the element

Curves 
corresponding 
to geometry
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Bending strain (function of curvatures):

Vector of degrees of 
freedom associated with 
out-of-plane deformations 
of the element
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STRAIN- DISPLACEMENT MATRIX
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STRAIN- DISPLACEMENT MATRIX

The part related to membrane 
deformations from displacements 
in the element plane

Part related to membrane 
deformations from out-of-plane 
displacements of the element

The part related to bending 
deformations from out-of-plane 
displacements of the element
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(middle layer)

(shell curvatures)

(bending)

STRAIN- DISPLACEMENT MATRIX
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ELASTIC STRAIN ENERGY

Elastic energy from 
membrane deformations

Elastic energy from 
bending deformations
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ELASTIC STRAIN ENERGY (membrane)
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ELASTIC STRAIN ENERGY (bending)
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ELASTIC STRAIN ENERGY (bending)
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ELASTIC STRAIN ENERGY:

Shell element stiffness matrix

where:

POTENTIAL ENERGY OF LOADING:
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4-node shell element in Ansys
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8 node shell element in Ansys
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Layers option in shell element
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Pin suport

on all edges

a

b

h

Bending of a rectangular plate

Data: q=0.1MPa, a=200 mm,  b= 300mm,  h=4mm,  E=2105 MPa, =0.3
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Comparison of the shell element with the Solid3D element
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Connecting shell elements to Solid3D element
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Modeling the wing structure
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